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Abstract.

Let V' be a subspace of an infinite dimensional complex separable on a Hilbert
space H'. The operator T € B(H) is said to be V-codisk-cyclic, if there is a nonzero
vector y in H, then M n {fT™y: B € C,|B| = 1,n € N} is dense in V. This paper,
introduces the properties of the concepts N -codisk-cyclic and MV-codisk-cyclic
transitive. The existence of a subspace codisk-cyclic operator on n -dimensional
complex Hilbert space is illustrated and a criterion of N-codisk-cyclic operator in
infinite dimensional is obtained.
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1. INTRODUCTION

Let B(H) be the algebra of all bounded linear operators on a separable infinite dimensional
Hilbert space H, T € B(H) is said to be hypercyclic operator. if the orbit of T with a nonzero
vector y in H . then orbt(T,y) = {T™y:n = 0} is dense in . Thus y is said to be a hypercyclic
vector for T [1]
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The motivation of the studying of the scalar multiples of an orbit is due to the example of
Rolewicz [2]. The operator T is called a supercyclic operator, if there exists a nonzero vector y
where the cone generated by orbt(T,y) is dense in H its definition is created by Hilden and
Wallen in 1974 [3] Hypercyclicity are extensively studied by many researchers, for more detail
see [1] [4].

Because the operator AB; |A| < 1 is not hypercyclic, where B is the backward shift operator
on P (N). one may wonder if there is an operator T such that its disk or co-disk orbital is dense
in . The codisk-cyclicity concepts was presented by Jamil, 2002 [5]. The operator T € B(H')
1s a codisk-cyclic operator if there is a nonzero vector y € H, such that the codisk orbit,
CDorbt(T,y) ={BT"y: € C,|B| = 1,n € N} is dense in H, that vector y is said to be
codisk-cyclic for T [5] Recently, several authors [6] [7] have studied a codisk-cyclic operators.

In 2010, Jamil in [8] shown that, if the CDorbt(T,y) is somewhere dense, then it is
everywhere dense, that is closure of int(C Dorbt(T, y)) # @, then T must be codisk-cyclic.

Hence, to discuss codisk-cyclicity for closed sets M, it must have empty interior, e.g., M 1s a
nontrivial subspace.

The concepts of subspaces codisk-cyclicity and codisk — transitivity are presented in this
paper. We give an example to ensure that not every subspace codisk-cyclic operator is codisk-
cyclic. Some necessary and sufficient conditions of subspace codisk-transitive operators are
investigated. Moreover, a subspace codisk-cyclic criterion is established, and discussed when
these two concepts (subspaces codisk-cyclicity and codisk — transitivity) are equivalence.

We will abbreviate the set {z € C: |z| = 1} by B¢, {z € C:|z| < 1} by D and N U{0} by N,.

2. Subspace Codisk-Cyclic
In this section, we introduce a subspace codisk-cyclic operator and study some of its
properties.

Definition 2.1. Let V' be a nontrivial subspace of H. A subspace codisk-cyclic operator T for
N (IV — codisk-cyclic) that means, there is a non-zero y € H, such that ' N CDorb(T,y) is
dense in JV'. This vector y is said to be a subspace codisk-cyclic vector for T.

Let us denote the set of all V-codisk-cyclic vectors for T by

CD(T,N):={y€ H: Nn Borb(T,y)isdense in \V'; f € B‘}.

and the set of all V'-codisk-cyclic operators by

CD(H,N) ={T € B(H): N nBorb(T,y) isdense in N';y € H and € B }.

In general, the subspace codisk-cyclicity does not imply codisk-cyclicity as shown in the next
example.

Remark 2.2. Let T € B(H) be a codisk-cyclic operator and y be a codisk-cyclic vector. Let
I € B() be the identity operator. Hence, I @ T € B(H @ H) is {0} @ H — codisk-cyclic
operator for the subspace codisk-cyclic vector 0 @ y. This is due to, the fact that I @ T |pgzc
is codisk-cyclic operator, where {0} @ H is I @ T - invariant subspace. Note that, I @ T is not
codisk-cyclic.

Remark 2.3. Let y be a codisk-cyclic vector for T € B(H'). Assume that F € B(H') is nonzero
with closed range of V. If S € B(H) satisfies SF = FT, then one can easily prove that S is V-
codisk-cyclic with V' -codisk-cyclic vector Fy.

Now, we prove that every n- dimensional Hilbert space contains V- codisk-cyclicity.
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Proposition 2.4. Every complex finite dimensional Hilbert space has a subspace codisk-cyclic
operator.

Proof. Since any two n-dimensional complex Hilbert spaces are isomorphic, then it is enough
to show the existence of any complex n-dimensional operator.

Let N ={9:9 = (a,0,...,0);y € C,} beasubspace of C,;n € Nand Tx = kx;: x € C,,. k €
C, such that |k| < 1. Then let x = (1,0, ... , 0). Thus,

CD(T,x) NN = {(Bk™0,...,0): |8l = 1,n = 0}.

Let 2= (b,0,...,0) € N and let us choose an n € N, such that |k™| < |b|. then Z =

((% ) k™0, ... ,0) € CD(T,x) N V. Hence T is V'-codisk-cyclic operator.

Proposition 2.5. If T € B(H), NV is a non-zero subspace of H, then CD(T,N) =
Nk (UBE]IEUn T_n(ﬁVk))-

Proof: Let {I, }7_, be a countable basis for the relative topology on V. x € CD(T, V') if and
only if, for all k larger than zero, there exist n € N, and @ € B¢ such that aT"x € V,, if and

only if x €ny, (Uﬁemun T‘”(ﬁVk)).

3. Subspace Codisk-Cyclic transitive
In this section, we aim to introduce the subspace Codisk — cyclic transitive and study some of
its properties.

Definition 3.1. Let V' be a nonzero subspace of H. The operator T € B(H) is N —
codisk transitive, if for each nonempty relatively open set V,U in V', there is n € Nyand a €
B¢, such that U N T™(aV) has a nonempty relatively open set of V.

Proposition 3.2: If an operator T 1s V' —codisk transitive, then for any nonempty relatively
open sets V,Uc N, there are n € N, and
a € BC. such that U N T™(aV) is non-empty and V" is invariant under T™.

Proof: Since T be IV - codisk-cyclic transitive and U and V be non-empty relatively open sets
of V', then Definition 3.1 implies that, there exists n € Ny and @ € B ©, such that UNT" (aV)

has a nonempty relatively open set of V. Then UNT" (aV) #= @. Thus VNT™™ G U) * 0,
say that Y.
Now, let x in V. Since Y € T™" (é U)._ hence T"(aY) €U € V. Take x, in Y, then

T"(ax,) € N. Since Y is nonempty relatively open set in N and
x €N, thus for small enough r >0, we get,xo +rx €Y, thus
T™(axy) + raT™(x) € T"(aY) € V. This leads to T™(x) € V. Therefore, T"(V') € V.

The converse of the Proposition 3.2 is not true unless T is open mapping or has inverse on V.

In fact, since T"|N: N — N is bounded and U is relatively open in V', hence T™" G U) 1
relatively open set in V', thus VN T " (é U ) 1s relatively open set in V. The following result

1s done

Proposition 3.3. The following statements are equivalent, where T € B(H’) is open mapping
or bijective on a nonzero subspace V' of H:
1) The operator T 1s V' —codisk transitive.
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2) For any mnonempty relatively open sets V,U S N, there are ne€eN, and
a € B¢, such that U N T™(aV) is a nonempty and T*(N) € V.

3) For all non-empty relatively open sets V,U S N, there exist n€N, and
a € BC. such that U N T™(aV) is a non-empty relatively open set of V.

Now we turn our attention to discuss the necessary condition for an operator to be
—codisk transitive .

Lemma 3.4. Let VV be a nonzero subspace of H, and {V} be a countable open basis for the
relative topology of N'. If T € B(H) 1s a N — codisk transitive, then

NYUr@n»

j=1 aeBn
1s a dense subset of V.
Proof: By Definition 3.1, for each j and, there exist n;; € Ny and @ € B, such that the set

T"ik (al/}) NV} has a nonempty relatively open set. Hence the set

A= U U (7755 (av)) ﬂ Vi)

_ _aEBC k=1
has a nonempty relatively open set in V', say 4.

Moreover, each A} 1s dense of JV, since it intersects each Bj. Thus, by using Baire Category
theorem, we get,

NUUrenr=N(YYrenns)

8+

j=1aeBn aeB® k=1
oo [eal
S
j=1 j=1

1s a dense subset of V.
Clearly, the following Proposition is implied from combining Lemma 3.4 and Proposition 2.5.

Proposition 3.5: If T € B(H) is an open mapping (or bijective) N' — codisk transitive, then T
1s V' —codisk-cyclic operator.

Proposition 3.6: Let T € B(H') and V' be a nonempty subspace of H such that:
1) T is an open mapping or bijective on V.
2) There are dense sets Y, X in V" and S is an operator on N'( not need to be bounded), such
that S(Y) cYand TS = I,
3) There is a sequence {n,} in N, such that,
a) lim inf]|T™x|| = 0 for all x € X.
n—oo
b) lim inf||T™x||[|S™ y[| = 0 forallx € X,y € Y.
n—oo
Then T 1s V- codisk-cyclic transitive, hence T is a NV —codisk-cyclic operator.
Proof: Let V and U be two relatively open sets in V. Since Y and X are dense sets in V', then

from the condition (2), there are x € X NV and y € Y N U. such that for some sequence {n;}
mNand0 < €< 1,

1T ™ex]] < 5 U)

IIT”“‘XIIIIS“WII < 7D
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If ||T™x|| # 0, putc = 2 ||[T™x||. Thus,0 < c < 1.Takeu = x + cS™ y,and a = % Hence
by the equation (II), ||lu — x|| = [[cS™ y|| < g Therefore, u € V.

Now, since T™u = T™x + cy,. thus, ||aT™u — y|| = %IIT”kxll < 1.

Then, aT™u € U. Therefore, UNT™ (aV) is a nonempty relatively open set of V',

Now, if ||T™x|| = 0, then choose 0 < ¢ < 1 small enough, such that c||S™ y|| < % and let

a= % Thus, |Ju — x|| <% and |[aT™u — y|| < 1. Hence, UNT™(aV) is a nonempty
relatively open set of V.

4-Conclusions:

A bounded linear operator T on subspace, say /N, of an infinite dimensional complex
separable Hilbert space H 1s said to be N -codisk-cyclic if satisfy:

Nn{pT"y:B €C,|B| =1,n €N},

1s dense in IV, for some nonzero vector y in . This paper, presented two new concepts, V-
codisk-cyclic and V' -codisk-cyclic transitive. We prove that their existence of a V- codisk-
cyclic operator on n -dimensional complex Hilbert space, also prove a criterion of NV -codisk-
cyclic operator in infinite dimensional. Finally, we discussed the relation between these two
concepts.
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